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Abstract
In this paper we consider graphs which have no k vertex-disjoint cycles. For given integers k,  let f (k, ) be the maximum order
of a graph G with independence number (G), which has no k vertex-disjoint cycles. We prove that f (k, ) = 3k + 2 − 3
if 15 or 1k2, and f (k, )3k + 2 − 3 in general. We also prove the following results: (1) there exists a constant c
(depending only on ) such that f (k, )3k + c, (2) there exists a constant tk (depending only on k) such that f (k, )2 + tk ,
and (3) there exists no absolute constant c such that f (k, )c(k + ).
© 2006 Published by Elsevier B.V.
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1. Introduction
We use [1] for terminology and notation not deﬁned here and consider ﬁnite and simple graphs only. The girth g(G)
of a graph G is deﬁned to be the length of a shortest cycle in G. For a subgraph H ⊆ G, the number of neighbors of a
vertex v ∈ V (G) in H will be denoted by dH (v). For a graph G its independence number will be denoted by (G). In
this paper we consider graphs which have no k vertex-disjoint cycles for a given integer k.
Theorem 1 (Corrádi and Hajnal [2]). Let G be a graph of order n3k and with (G)2k. Then G has k vertex-
disjoint cycles.
Theorem 2 (Enomoto [4], Wang [8]). Let G be a graph of order n3k and with d(u) + d(v)4k − 1 for every pair
of nonadjacent vertices u, v ∈ V (G). Then G has k vertex-disjoint cycles.
1 This work was started while the author was on sabbatical at P. J. Šafarik University.
2 Part of this research was done at the 6th C5 Graph Theory Workshop 2002 ﬁnancially supported by the Sächsisches Staatsministerium für
Wissenschaft und Kunst.
3 Part of this work was done while the author was on sabbatical at P. J. Šafarik University.
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schierme@tu-freiberg.de (I. Schiermeyer).
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The lower bounds are sharp. For n3k the graphs Fn = K2k−1 + (n − 2k + 1)K1 have (Fn) = 2k − 1 and
d(u)+ d(v)4k− 2 for every pair of nonadjacent vertices u, v ∈ V (Fn). However, Fn has no k vertex-disjoint cycles.
For given integers k,  let f (k, ) be the maximum order of a graph G with independence number (G), which
has no k vertex-disjoint cycles. We will present lower and upper bounds for f (k, ) and compute f (k, ) exactly for
inﬁnitely many pairs k,  in the next section. Proofs of our results will be given in Section 3.
2. Results
For given integers k,  let Gk, = K3k−1 ∪ ( − 1)K2. Then (Gk,) =  and Gk, has no k vertex-disjoint cycles.
Hence
f (k, )3k + 2 − 3 for all k, . (1)
For an upper bound of f (k, ) we will make use of the ramsey number r(3,  + 1) = r(K3,K+1).
Theorem 3.
3k + 2 − 3f (k, )3k + r(3,  + 1) − 4 for all k, .
At present the ramsey numbers r(3, q) are known for 1q9 (cf. [7]). Erdo˝s and Szekeres [6] have shown that
r(p, q)
(
p+q−2
p−1
)
for all p, q1. For p = 3 and all q2 this can be improved to r(3, q)(q2 + 3)/2. Thus we
obtain:
Corollary 4.
3k + 2 − 3f (k, )3k + 
2 + 2 − 4
2
.
Hence, for every ﬁxed 1, there exists a constant c=(2+2−4)/2 (depending only on ) such that f (k, )3k+
c. Similarly, for every ﬁxed k1, there exists a constant tk (depending only on k) such that f (k, )< 2 + tk .
For k2, let tk (2) denote the minimum real number such that
3 · 222 · (k − 1)2log2 t2 t
for all t tk . Let t1 = 1.
Remark 5. The function tk grows rapidly. In particular, it holds tk tk−1 + 6 for all k2, which will be used in the
proof of Proposition 1.
We show that f (k, )< 2 + tk by proving:
Proposition 1. Let , k1 be integers, and let G be a graph such that (G) and |V (G)|2+ tk . Then G contains
k vertex-disjoint cycles.
Another upper bound will be shown in terms of k and .
Theorem 6.
f (k, )k + 1 for all k3, 6.
Next we will show that f (k, ) = 3k + 2 − 3 for inﬁnitely many pairs k, .
Theorem 7.
f (k, ) = 3k + 2 − 3
if 15 or 1k2.
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Now let f (k, , ) be the maximum order of a graph G with (G) and (G), which has no k vertex-disjoint
cycles.
Theorem 8.
f (3, , 4) = 2 + 6.
However, equality in (1) does not hold in general. Remember the following famous theorem due to Erdo˝s [5].
Theorem 9. For any g there exists a graph H with girth g(H)>g and (H)< |V (H)|/g.
Based on this result we obtain the following proposition.
Proposition 2. For any c > 0 there exist k,  such that f (k, )> c(k + ).
Therefore, with respect to Theorems 7 and 8, the following challenging problem arises:
Problem. Find an explicit pair of integers k,  such that f (k, )> 3k + 2 − 3.
3. Proofs
Proof of Theorem 3. Let G be a graph of order nr(3,  + 1) and with independence number (G). Then G
contains a K3. Hence, if nr(3, + 1)+ 3(k − 1), then G contains k vertex-disjoint K3. Therefore, f (k, )r(3, +
1) + 3k − 4. 
For the proof of Proposition 1 we will apply the following lemma [3, Proposition 4.4].
Lemma 10. Let 0<b< 1 be a real number. Let G be a graph and, for each i = 0, 1, let ri denote the number of
vertices of G whose degree is i. Further let s denote the number of edges of G both of whose endvertices have degree
at most 2. Suppose that r0 + 3r1 + s(1 − b)|V (G)|. Then G contains a cycle of length less than 2(1 + (5/b))
log2|V (G)|.
We will further apply the following lemma.
Lemma 11. Let k2 be an integer. Let G be a graph with girth at least 7 and with minimum degree at least 3. Suppose
that |V (G)| is large enough to satisfy
3 · 222 · (k − 1)2log2 |V (G)|2 |V (G)|.
Then G contains k vertex-disjoint cycles.
Proof. Let n = |V (G)|. Let G0 = G. We deﬁne graphs G1, . . . ,Gl and cycles C1, . . . , Cl inductively as follows. Let
i1, and suppose that Gi−1 has been deﬁned. If the girth of Gi−1 is less than 22log2 n, let Ci be a shortest cycle of
Gi−1 and set Gi =Gi−1 −V (Ci); if Gi−1 has girth at least 22log2 n (or Gi−1 is a forest), we terminate this procedure
and let l = i − 1.
Now suppose that lk − 1. Set X = V (C1) ∪ · · · ∪ V (Cl). Then |X|< 22(k − 1)log2 n. We show that G − X
satisﬁes the assumption of Lemma 10 with b = 12 . Let W be the set of those vertices of G − X which have degree at
most 1 in G−X, and let F be the set of those edges of G−X which join two vertices of degree at most 2 in G−X. For
each x ∈ W , take ax, bx ∈ NG(x)∩X such that ax = bx (such vertices exist because dG(x)3); for each e= xy ∈ F ,
take ae ∈ NG(x) ∩ X and be ∈ NG(y) ∩ X such that ae = be (such vertices exist because dG(x), dG(y)3 and G
contains no triangle). From the assumption that G has girth at least 7, it follows that for any u, v ∈ W ∪F with u = v,
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we have {au, bu} = {av, bv}. Hence |W | + |F |( |X|2 ). Consequently,
3|W | + |F |3(|W | + |F |)3
( |X|
2
)
(3|X|2 − |X|)/2
< (3(22(k − 1)log2 n)2 − |X|)/2
(n − |X|)/2 = |V (G − X)|/2.
Therefore by Lemma 10, G−X contains a cycle of length less than 22log2|V (G−X)|, which contradicts the choice
of C1, . . . , Cl . 
Proof of Proposition 1. We proceed by induction on  + k. If  = 1 or k = 1, the proposition clearly holds. Thus let
, k2, and assume that the proposition holds for those values of  and k for which  + k is smaller. Let G be as in
the proposition. If G contains a cycle C of length less than or equal to 6, then in view of Remark 1, we can apply the
induction assumption to G − V (C). Thus we may assume that G has girth at least 7.
If (G)3, the desired conclusion immediately follows from Lemma 11. Thus we may assume (G)2. Let u be
a vertex of G with dG(u) = (G). If dG(u) = 0 or 1, we can apply the induction assumption to G − (N(u) ∪ {u}).
Thus we may assume dG(u) = 2. Write NG(u) = {y, z}. Since G has girth at least 7, yz /∈E(G). Let H be the graph
obtained from G by contracting the path yuz into a single vertex w. Then |V (H)| = |V (G)| − 2 tk + 2( − 1) and
(H)(G)−1−1. By the induction assumption, H contains k vertex-disjoint cyclesC1, . . . , Ck . Ifw is contained
in none of the Ci , then C1, . . . , Ck are also disjoint cycles of G. If one of the Ci , say C1, contains w, then C2, . . . , Ck
and the cycle of G obtained from C1 by replacing w by yuz form k vertex-disjoint cycles in G. 
Proof of Theorem 6. Suppose there is a graph G with |V (G)|k + 2 for some k3, 6.
Claim. g(G)5.
Suppose G contains a cycle Cp for some p, 3p4. Let H =G−Cp. If k > 3 then |V (H)|(k − 1)+ 2 and we
apply induction. If k=3 then |V (H)|=|V (G)|−p3+2−p3+2−4. Since 6, |V (H)|2+4=f (2, )+1,
a contradiction to Theorem 7.
Claim 2. (G)k + 1.
Let u be a vertex with d(u)k. If 0d(u)1, then there is a maximum independent set containing u. Consider
H : =G − (N(u) ∪ {u}). Then (H) = (G) − 1 and |V (H)| |V (G)| − 2. For 2d(u)k, let H be the graph
obtained from G by deleting {u} and then contracting N(u) to a new vertex w. Now any independent set in H not
containing vertex w can be extended to an independent set in G containing u. Any independent set in H containing w
corresponds to an independent set in G containing at least two independent vertices of N(u), since N(u) is independent
by Claim 1. Hence (H)(G) − 1 and |V (H)| |V (G)| − k. If > 6 then we apply induction. If  = 6, then
|V (H)|5k + 2(2 · 5 + 3k − 3) + 1 = f (k, 5) + 1 for all k3, a contradiction to Theorem 7 .
Assume now that G is an edge-maximal counterexample. Then G contains a spanning subgraph which is the union
of k − 1 cycles C1, . . . , Ck−1 and a forest F . We may assume that F is not empty since f (2, )+ 1 = 2+ 4< 3+ 2
for k = 3 and f (k − 1, ) + 1(k − 1) + 2< k + 2 for all k4. Choose C1, . . . , Ck−1 such that∑k−1i=1 |V (Ci)| is
minimum and consider a leaf u in F . Since d(u)k + 1, there exists a cycle Ci with dCi (u)2, a contradiction to the
minimality, since |V (Ci)|5. 
Proof of Theorem 7.  = 1: f (k, 1) = 3k − 1. Since G is complete, G has k vertex-disjoint cycles for |V (G)|3k.
Hence f (k, 1) = 3k − 1.
k = 1: f (1, ) = 2. If |V (G)|2 + 1, then G is not bipartite and thus has a cycle. Hence f (1, ) = 2.
For k, 2 we will apply induction on k + .
If G contains a K3, then we can remove it and apply induction on (k−1)+. Hence we may assume that G contains
no K3.
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If d(u)=0 or 1 for a vertexu, then there is amaximum independent set containingu. ConsiderH : =G−(N(u)∪{u}).
In this case (H)=(G)−1 and |V (H)| |V (G)|−2. If d(u)=2 for a vertex u, then u1u2 /∈E(G) for its two neighbors,
since G contains no K3. As in Claim 2 in the proof of Theorem 6 we contract N(u) ∪ {u} to a new vertex w to obtain
a graph H . In this case (H) = (G) − 1, |V (H)| = |V (G)| − 2 and every cycle in H containing w leads to a
cycle in G.
Hence we may assume for the following that G contains no K3 and has minimum degree (G)3.
k = 2: f (2, )= 2+ 3. We may assume that g(G)4. Let G be an edge-maximal counterexample with an induced
cycle Cp, p4, and F = G[V (G) − V (Cp)] a forest. Choose p as small as possible. Since (G)3, for every leaf u
of F we have dCp(u)2. Hence p = 4. Therefore G is the union of a cycle C4 and a forest F with |V (G)| = 2 + 4.
Let V (F) = I1 ∪ I2 for two independent sets with |I1| = |I2| = .
Let the vertices of the C4 be labeled w1, w2, w3 and w4. Suppose that uw1, uw3 ∈ E(G) for a leaf u ∈ V (F). So
there is a cycle with vertices u,w1, w3 and w4. Since I1 and I2 are independent sets of size , we have N(w2)∩ I1 = ∅
and N(w2) ∩ I2 = ∅ for at least one component of F . But then w2 lies on a second cycle, a contradiction.
For the following we may assume k3 and |V (G)|2 + 3k − 22 + 7. Since G contains no K3, we have
|V (G)|r(K3,K+1)− 1 = r(3, + 1)− 1. The ramsey numbers r(3, q) have been determined for 1q9 (cf. [7])
and their values are r(3, 1)=2, r(3, 2)=3, r(3, 3)=6, r(3, 4)=9, r(3, 5)=14, r(3, 6)=18, r(3, 7)=23, r(3, 8)=28
and r(3, 9) = 36.
 = 2: f (k, 2) = 3k + 1. Then 2 + 7 = 11r(3, 3) − 1 = 5, a contradiction.
 = 3: f (k, 3) = 3k + 3. Then 2 + 7 = 13r(3, 4) − 1 = 8, a contradiction.
 = 4: f (k, 4) = 3k + 5. Then 2 + 7 = 15r(3, 5) − 1 = 13, a contradiction.
 = 5: f (k, 5) = 3k + 7. Then 2 + 7 = 17r(3, 6) − 1 = 17. Hence k = 3. If 4, then Theorem 8 can be
applied. If  = 3, say d(u) = 3 for a vertex u ∈ V (G), then G − (N(u) ∪ {u}) has 13 vertices, 4, and has no
K3. There is a unique graph on 13 vertices, which has no K3 and  = 4 (cf. [7]). Label its vertices v0, v1, . . . , v12.
Then its edges are vivi+1 and vivi+5 for 0 i12mod 13. But then there are three cycles C1, C2 and C3 with
vertex sets V (C1) = {v0, v5, v6, v7, v8}, V (C2) = {v1, v2, v10, v9} and V (C3) = {v3, v4, v12, v11},
a contradiction. 
Proof of Theorem 8. Suppose there is an edge-maximal counterexample G of order 2 + 7. If G contains a K3,
then we can remove it and apply f (2, ) = 2 + 3. Hence we may assume that G contains a spanning subgraph
which is the union of two vertex-disjoint cycles C1p, C2q of order p, q and a forest F . Since f (2, ) + 1 = 2 + 4,
we may assume that F is not empty and |V (F)|3. Choose pq4 and p + q minimal. We ﬁrst show p = 4 by
claims 1, 2, 3.
Suppose p5. Since (G)4 we have (F ) = 1 and dC2q (v)2 for all leaves v ∈ V (F) implying q = 4. Let the
vertices of the C24 be labeled w1, w2, w3, w4 and let Ai = {v ∈ V (F)|dF (v) = 1, vwi, vwi+2 ∈ E(G)} for i = 1, 2.
We may assume that |A1| |A2|.
If |A1| |A2|2, then there are two vertex-disjoint C4, a contradiction. Hence we may assume that |A2|1.
Claim 1. F is a tree.
Suppose F has at least two components F1, F2. Let x1, x2 ∈ V (F1) and y1, y2 ∈ V (F2) be four leaves. If
x1, x2, y1, y2 ∈ A1, then there are two vertex-disjoint cycles containing x1, x2, w1 and y1, y2, w3. If (e.g.) x1, x2, y1 ∈
A1 and y2 ∈ A2, then there are two vertex-disjoint cycles containing x1, x2, w1 and y2, w2, w3, w4. Hence we may
assume that F is connected.
Claim 2. A2 = ∅.
Suppose A2 = ∅. We distinguish two cases.
(i) F has at least three leaves. We may assume that there are three leaves x1, x2 ∈ A1 and y ∈ A2. But then there are
two vertex-disjoint cycles containing x1, x2, w1 and y,w2, w3, w4, a contradiction.
(ii) F has two leaves. Then F is a path. Let the vertices of this path be labeled v1, v2, . . . , vr−1, vr .Wemay assume that
v1 ∈ A1 and vr ∈ A2. Since (G)4 andp5 isminimal,we haveN(v2)∩{w2, w4} = ∅ andN(vr−1)∩{w1, w3} = ∅.
But then we can always ﬁnd two cycles of length 4, a contradiction.
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Claim 3. F is not a star.
Suppose F is a star. Then |V (F)| + 1. Let x0 be the center and x1, x2 two leaves of this star. Thus x1, x2 ∈
A1 and there are two vertex-disjoint cycles of length 4 with vertex sets x0, x1, x2, w1 and x0, x1, x2, w3. Since
(G)4 and p5 we conclude that dC1p (v)1 for all vertices v ∈ V (C24 ). Therefore, |E(C1p, C2q )|4 and 2p −
4 |E(C1p, F )| |V (F)|2+ 7− 4−p, which gives p(2+ 7)/3. Thus + 1 |V (F)|2+ 7− 4−p2+
3 − (2 + 7)/3 = (4 + 2)/3>  + 1 for 2, a contradiction.
Since dC1p (v)1 for all vertices v ∈ V (F), we have p2−1, since otherwise (G)+1. Hence |V (F)|2+
7 − 4 − (2 − 1) = 4. Since F is not a star, we may assume that F contains a path of maximum order r4. Let the
vertices of this path be labeled v1, v2, . . . , vr−1, vr . If v2x1, vr−1x2 ∈ E(F) for two leaves x1, x2 ∈ V (F) − {v1, vr},
then there are two vertex-disjoint cycles of length 4. If dF (v2) = 2 and vr−1x2 ∈ E(F) for a leaf x2 ∈ V (F) − {vr},
then N(v2) ∩ {w2, w4} = ∅ and we can always ﬁnd two vertex-disjoint cycles of length 4. If dF (v2) = 2 = dF (vr−1),
then N(v2) ∩ {w2, w4} = ∅ and N(vr−1) ∩ {w2, w4} = ∅ and we can always ﬁnd two vertex-disjoint cycles.
Hence we can now assume that G is spanned by the union of two vertex-disjoint cycles C14 , C24 and a forest F .
Choose C14 , C24 such that F has a minimum number of components. Then |V (F)| = 2 − 1.
Now observe that
(1) F has exactly one odd component and
(2) every vertex of a C4 is adjacent to an odd component or to two vertices of an even component.
LetF1 be the odd component and x be a vertex ofF1 with dF1(x)1. Then x has two neighbors in someC4. Hence we
may assume that x ∈ A1. Ifw2 has two neighbors in some component different fromF1, then we get two vertex-disjoint
cycles. Therefore, |V (F1)|3 and w2 has a neighbor z in F1. Now V (F)= I1 ∪ I2 for two independent sets I1, I2 with
|I1| = , |I2| = − 1. Hence z ∈ I1, since otherwise we get an independent set of size + 1, a contradiction. Similarly,
w4 has a neighbor in F1, which belongs to I1. Then V (F1) ∩ I2 ∪ {w2, w4} is contained in an independent set of size
 + 1, a contradiction.
This completes the proof of Theorem 8. 
Proof of Proposition 2. Let g=
2c+ 2. By Theorem 9 there exists a graph G with |V (G)|/g >  : =(G)
g/2.
Let k : =(|V (G)| + 1)/g |V (G)|/g + 1. Then G does not contain k vertex-disjoint cycles. Note that k +
1
g/2 + 1>c + 1. Then |V (G)|gk − g > (2c + 1)(k − 1)ck + c(+ 1) − 2c + k − 1>c(k + ). Therefore,
f (k, ) |V (G)|>c(k + ). 
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